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1. INTRODUCTION
In the study of thin-film conductors, ion diffusion is an important
phenomenon as electrodiffusional degration can lead to metallization
failure. Electrodiffusion arises under many circumstances, including elec-
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PDE ARISING IN ELECTRODIFFUSION 21
tromechanical stresses due to physicotechnological conditions of thin-film
deposition and the physicochemical properties of the film and substrate
w xmaterials. For the physical background, see 3, 4 .
Consider a thin film of finite length with endpoints at x s 0 and x s 1.
Ž .Then, under electrodiffusion, the normalized electromechanical stress
Ž .u s u x, t can be modeled by
› u › 2 u › u
y s y f d x y d x y 1 , 1.1Ž . Ž . Ž .Ž .2 ž /› t › x› x
Ž .where d x is the one-sided Dirac delta function; i.e., for any continuous
Ž .function f x ,
1 1
d x f x dx s f 0 and d x y 1 f x dx s f 1 , 1.2Ž . Ž . Ž . Ž . Ž . Ž . Ž .H H
0 0
Ž .and f x is a given function which depends on the electromechanical
properties of the thin film. For this problem, the following initial-boundary
conditions are considered:
u x , 0 s 0, 0 F x F 1; u 0, t s g t , u 1, t s 0, 0 F t F T . 1.3Ž . Ž . Ž . Ž . Ž .
Ž .Equation 1.1 is of mathematical interest as it involves the Dirac delta
function, which is a singular measure, as coefficients. In this paper, we will
prove existence and uniqueness of solutions for the initial-boundary value
Ž . Ž .problem 1.1 , 1.3 . We start by spelling out what we mean by a solution.
Ž . Ž xWe will use the following notation: Let Q s 0, 1 = 0, T and denoteT
k , l kŽ . Ž .by Q its closure. We say that u s u x, t g C Q if u is C in x andT T
l kqa , lqa Ž . k , lŽ . k k l lC in t; and u g C Q if u g C Q and › ur› x and › ur› tT T
are Holder continuous with exponent a .È
Ž .DEFINITION 1.1. A function u x, t is said to be a solution of the
Ž . Ž .problem 1.1 , 1.3 if
0Ž . Ž .i u g C Q ,T
2, 1Ž . Ž . Ž . Ž .ii for any test function c x, t g C Q with c x, T s 0,T
u c q c dx dtŽ .HH t x x
QT
T
s c 0, t f 0, t y c 1, t f 1, t dtŽ . Ž . Ž . Ž .Ž .H
0
T
y g t c 0, t dt. 1.4Ž . Ž . Ž .H x
0
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Ž . Ž .For the problem 1.1 , 1.3 , we will make the following standing assump-
tion:
1f x , t g C Q , f 0, 0 s f 1, 0 s 0;Ž . Ž . Ž .Ž .T
1w x Xg t g C 0, T , g t G 0, g 0 s g 0 s 0. 1.5Ž . Ž . Ž . Ž . Ž .
Ž .The main result of this paper is that, under assumption 1.5 , the problem
Ž . Ž . Ž .1.1 , 1.3 admits a unique solution Theorem 3.3 . We shall be using the
technique of regularization whose convergence will depend on a series of
uniform estimates. We start by constructing approximate solutions.
2. APPROXIMATE SOLUTIONS
Ž . Ž .We approach the problem 1.1 , 1.3 by first regularizing the Dirac delta
functions. This regularization gives rise to approximate solutions.
Ž . ‘w xLet h x g C 0, 1 with the following properties:e
Ž . Ž . X Ž .i h x s 0 for e F x F 1 y e , h x F 0 for 0 F x F 1;e e
Ž . Ž . X Ž .ii there exists a constant M such that N h x NFM re , N h x N0 e 0 e
F M re 2;0
Ž . 1r2 Ž . 1 Ž .iii H h x dx s 1, H h x dx s y1;0 e 1r2 e
Ž . 0w xiv for any c g C 0, 1 ,
1r2
lim h x c x dx s c 0 andŽ . Ž . Ž .H e
e“0 0
1
lim h x c x dx s yc 1 .Ž . Ž . Ž .H e
e“0 1r2
Consider the following regularized problem:
u y u y h x u s yf x , t h x , x , t g Q , 2.1Ž . Ž . Ž . Ž . Ž .t x x e x e T
and for 0 F x F 1, 0 F t F T ,
u x , 0 s 0, u 1, t s 0, u 0, t s g t . 2.2Ž . Ž . Ž . Ž . Ž .
w xThe standard theory of partial differential equations 2, 5; see also 1
Ž . Ž .shows that the problem 2.1 , 2.2 admits a unique classical solution u . Ine
Ž . Ž .order to pass to the limit to obtain a solution of 1.1 , 1.3 , we need to
provide a series of uniform estimates with respect to e on the approximate
5 5 1 5 5 1solutions u . Suppose that f F M and g F M .C Ce 1 2
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LEMMA 2.1. For any 0 - a - 1 and 0 - d - 1r2, there exists a constant
C depending only on a and d such that for all 0 - e F d
5 5 2q a , 1qau F C , 2.3Ž .C ŽQ .e d
w x w xwhere Q s d , 1 y d = 0, T .d
Proof. This is a direct consequence of the Schauder interior and local
estimates since, for e F d , the approximate solution u is just a solution ofe
the heat equation
u y u s 0, x , t g Q .Ž .e t e x x d
1w x Ž . Ž .LEMMA 2.2. There exist two functions b , g g C 0, 1 , b 0 s g 1 s 0,
5 5 1 5 5 1 5 5 1and a constant C that depends only on f and g , such that b F C,C C C
5 5 1 Ž .g F C, and, for all x, t g Q ,C T
u x , t y g t F b x and u x , t F g x . 2.4Ž . Ž . Ž . Ž . Ž . Ž .e e
Ž .Proof. We will prove the first inequality of 2.4 only as the second one
can be proved similarly by making the transformation y s 1 y x. Consider
the function
x yy zyH h Ž z . d z H h Ž s. d s0 e 0 eb x s e K y M h z q M e dz dy ,Ž . Ž .Ž .H H 1 e 2ž /0 0
Ž .where K s 2 M q M e. Then1 2
Lb ’ b y b y h x b s M h x q M .Ž . Ž .t x x e x 1 e 2
Hence,
XL g t q b s M h x q M q g xŽ . Ž . Ž .Ž . 1 e 2
G yh x f x , t s Lu . 2.5Ž . Ž . Ž .e e
Ž .On the other hand, since K G e 2 M q M ,1 2
x 1y1b x G e K y M h z q M e dz dyŽ . Ž .Ž .H H 1 e 2ž /0 0
s ey1 K y e 2 M q M x . 2.6Ž . Ž .Ž .1 2
From this, we have
g t q b x s g t ,Ž . Ž . Ž .Ž . xs0
y1g t q b x G e K y e 2 M q M q g t ,Ž . Ž . Ž . Ž .Ž . Ž .xs1 1 2
y1g t q b x G e K y e 2 M q M x .Ž . Ž . Ž .Ž . Ž .ts0 1 2
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Ž . Ž . Ž .As K G 2 M q M e, we see that g t q b x G u on the parabolic1 2 e
Ž .boundary of Q . Thus, in view of 2.5 , by the maximum principle, for allT
Ž .x, t g Q ,T
u x , t F g t q b x .Ž . Ž . Ž .e
Ž . Ž . Ž .In the same way, one can show that u x, t G g t y b x . Finally, to seee
the existence of the constant C, we observe that
1 1
b x F K q M h z q M e dz dyŽ . Ž .Ž .H H 1 e 2ž /0 0
s K q 2 M q M e F 4 M q M e,Ž . Ž .1 2 1 2
1Xb x F K q M h y q M e dyŽ . Ž .Ž .H 1 e 2
0
F K q 2 M q M e F 4 M q M e.Ž . Ž .1 2 1 2
This completes the proof.
COROLLARY 2.3. There exists a constant C independent of e such that
u x , t F C on Q .Ž .e T
5 5 1 5 5 1LEMMA 2.4. There exists a constant C depending only on f and gC C
such that
< <u F C on Q .e x T
Proof. Let ¤ s u . Thene x
Ä X X XL¤ ’ ¤ y ¤ y h ¤ y h ¤ s yh f y h f . 2.7Ž .t x x e x e e e x
Also, we note that by Lemma 2.2 there exists a constant C depending only1
5 5 1 5 5 1on f and g such thatC C
u 0, t F C and u 1, t F C . 2.8Ž . Ž . Ž .e x 1 e x 1
Define
x yx yyH h Ž y . d y H h Ž z . d z0 e 0 ea x s e K y M h z dz y h y e dyŽ . Ž . Ž .H H1 e ež /ž /0 0
Ž .where K s 4 M q C e. Then1 1
Ä X X X Ä< <La s M yh q h G yf x , t h x y f x , t h x s L¤ .Ž . Ž . Ž . Ž .Ž .1 e e e x e
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Ž . Ž .Using 2.8 and the fact that u x, 0 s 0, we observe thate x
a x , 0 s a x G ey1 K y 4M e ,Ž . Ž . Ž .1
a i , t s a i G ey1 K y 4M e i s 0, 1 .Ž . Ž . Ž . Ž .1
Ž . Ž .It is then easy to see that a x G ¤ x, t on the parabolic boundary of Q .T
Ž . Ž .It follows from the maximum principle that ¤ x, t F a x in Q . In theT
Ž . Ž .same way we can prove that ¤ x, t G ya x in Q . The proof nowT
Ž . Ž . 2concludes with the observation that a x F 8 M q C e .1 1
1Ž .LEMMA 2.5. For any 0 - d - min , T , there exists a constant C de-2
5 5 1 5 5 1 Ž . Ž X .pending only on d , f and g such that for any x, t , x , t , 0 - t F T ,C C
0 - x, xX - d or 1 y d - x, xX - 1,
X X< <u x , t y u x , t F C x y x t 2.9Ž . Ž . Ž .e x e x
1 4for e - min y d , d .2
Ž . XProof. We will only prove 2.9 for 0 - x, x - d as the other case is
Ž . Ž . Ž .similar. Let ¤ s u y 1 y x g t . Then, it follows from 2.1 thate
¤ y ¤ s h x u x9, t y f x , t y 1 y x gX t .Ž . Ž . Ž . Ž . Ž .Ž .t x x e e x
By the classical theory of partial differential equations, ¤ can be decom-
posed uniquely into ¤ and ¤ where1 2
¤ y ¤ s h x u x , t y f x , tŽ . Ž . Ž .Ž .1 t 1 x x e e x
¤ x , 0 s ¤ 0, t s ¤ 1, t s 0; 2.10Ž . Ž . Ž . Ž .1 1 1
and
¤ y ¤ s y 1 y x gX tŽ . Ž .2 t 2 x x
¤ x , 0 s ¤ 0, t s ¤ 1, t s 0. 2.11Ž . Ž . Ž . Ž .2 2 2
Ž .Since the problem 2.11 is independent of e , the estimates for ¤ are all2
uniform with respect to e . It is easy to see that ¤ and ¤ are bounded2 t 2 x x
Ž .and thus 2.9 is valid for ¤ .2
Ž .Now we estimate ¤ . Denote by G x, t; j , t the Green's function of1 x
the heat equation in Q . Explicitly, G is given byT
‘
1 3G x , t ; j , t s G x q q 2 j, t ; j , t y G y x q 2 j, t ; j , t ,Ž . Ž . Ž .Ý 2 2
jsy‘
where
1¡ 2yŽ xyj . r4Ž tyt .e , t ) t ,~G x , t ; j , t s 'Ž . 4p t y tŽ .¢
0, 0 - t F t ,
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Ž .is the fundamental solution of the heat equation. Then, for x, t g Q ,T
t 1
¤ x , t s G x , t ; j , t h j f j , t dj dt ,Ž . Ž . Ž . Ž .H H1 e 1
0 0
Ž . Ž . Ž .where f j , t s u j , t y f j , t .1 e x
Suppose that 0 - x, xX - d . Then
¤ x , t y ¤ xX , tŽ . Ž .1 x 1 x
t 1 Xs G x , t ; j , t y G x , t ; j , t h j f j , t dj dt .Ž . Ž . Ž . Ž .Ž .H H x x e 1
0 0
5 5 1By Lemma 2.4, there exists a constant C depending only on f andC
5 5 1 < <g such that f F C. It follows thatC 1
X¤ x , t y ¤ x , tŽ . Ž .1 x 1 x
t 1 X < <F C G x , t ; j , t y G x , t ; j , t h dj dtŽ . Ž .H H x x e
0 0
et X < <F C G x , t ; j , t y G x , t ; j , t h dj dtŽ . Ž .H H x x e
0 0
t 1 X < <q C G x , t ; j , t y G x , t ; j , t h dj dtŽ . Ž .H H x x e
0 1ye
’ I q I .1 2
By the properties of the fundamental solution of the heat equation, we
have
C 2ywŽ yyj . xrw5Ž tyt .xG y , t ; j , t F e , 2.12Ž . Ž .x x 3r2t y tŽ .
Ž .where C is a constant. Thus, by the mean value theorem and 2.12 , there
Y Ž .exists x g 0, d such that
XG x , t ; j , t y G x , t ; j , tŽ . Ž .x x
Y X< <s G x , t ; j , t x y xŽ .x x
‘
Y Y X1 3 < <F G x q q2 j, t ; j , t yG y x q 2 j, t ; j , t x y xŽ . Ž .Ý x x x x2 2
jsy‘
‘C Y 2yŽ1 r2qx q2 jyj . r5Ž tyt .F eŽÝ3r2t y tŽ . jsy‘
yŽ3 r2yxYq2 jyj .2 r5Ž tyt . < X <qe x y x . 2.13Ž ..
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Y 1 Y 32Ž . Ž . Ž . ŽNote that for j g 0, e and x g 0, d , q x q 2 j y j and y2 2
Y 32 2. Ž < < .x q 2 j y j are both bounded below by 2 j y for j s 0, " 1,2
"2, . . . . Moreover, since x 3r2eyx is bounded for x G 0, there exists a
constant C such that
3r2t y tŽ .Y 2 2ywŽ1r2qx q2 jyj . xrw5Ž tyt .x ywŽ2 < j <y1. xrw5Ž tyt .xe F e F C ;3< <2 j y 3r2Ž .
3r2t y tŽ .Y 2 2ywŽ3r2yx q2 jyj . xrw5Ž tyt .x ywŽ2 < j <y1. xrw5Ž tyt .xe F e F C .3< <2 j y 3r2Ž .
Ž .Substituting these into 2.13 we get
‘ 1
X X< <G x , t ; j , t y G x , t ; j , t F C x y xŽ . Ž . Ýx x 3< <2 j y 3r2Ž .jsy‘
< X <F C x y x .
Hence,
etX X< < < < < <I F C x y x h j dj , dt F C x y x t .Ž .H H1 e
0 0
< < < X <In the same way, one can show that I F C x y x t. It follows that2
X X X< <¤ x , t y ¤ x , t F C x y x t , 0 - x , x - d , 0 - t F T .Ž . Ž .1 x 1 x
This completes the proof.
The following is an immediate consequence of Lemmas 2.1, 2.5 and
Ž .2.1 :
5 5 1 5 5 1LEMMA 2.6. There exists a constant C depending only on f and gC C
such that the following inequalities hold on Q :T
< < < < < <u F C and u F C 1 q h .Ž .e x x e t e
3. EXISTENCE AND UNIQUENESS OF SOLUTIONS
Ž .In the last section, we introduced the regularized problem P ande
discussed the properties of its solutions. In this section, we shall show that
Ž . Ž .as e “ 0, the limiting function is indeed a solution of 1.1 , 1.3 .
 4 Ž .LEMMA 3.1. The solutions u of P are uniformly bounded ande e
equicontinuous.
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 4Proof. The fact that u is uniformly bounded is the content ofe
Corollary 2.3. From Lemma 2.4, we know that there exists a constant C
5 5 1 5 5 1depending only on f and g such thatC C
< <u x , t y u y , t F C x y y .Ž . Ž .e e
'Ž . Ž .Let x, t , x q D t , t g Q where D t s t y t ) 0. Without loss of1 2 T 2 1
generality, we may assume that D t - 1. Then it follows from Lemma 2.6
Ž .and 2.1 that
t '2 xq D t u dx dtH H e t
t x1
t t' '2 2xq D t xq D t< < < <F u dx dt q h u y f x , t dx dtŽ .H H H He x x e e x
t x t x1 1
3r2F C D t q CD t F CD t .Ž .
On the other hand, by the mean value theorem, there exists a point
U 'Ž .x g x, x q D t such that
t ' '2 xq D t xq D tu dx dt s u y , t y u y , t dyŽ . Ž .Ž .H H He t e 2 1
t x x1
U U 's u x , t y u x , t D t .Ž . Ž .e 2 e 1
Hence, we obtain
U U 'u x , t y u x , t F C D t .Ž . Ž .e 2 e 1
Ž . Ž .Finally, for any x, t , y, s g Q , we haveT
u x , t y u y , sŽ . Ž .e e
U U UF u x , t y u x , t q u x , t y u x , sŽ . Ž . Ž . Ž .e e e e
Uq u x , s y u y , sŽ . Ž .e e
U U'< < < < < <F C x y x q t y s q x y yŽ .
'< < < <F C x y y q t y s .Ž .
 4This establishes the equicontinuity of u .e
 4LEMMA 3.2. u is uniformly bounded and equicontinuous.e x
Proof. Uniform boundedness is the content of Lemma 2.4 and equicon-
tinuity can be shown using the same method as in the proof of Lemma 3.1.
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Ž . Ž .THEOREM 3.3. Suppose that f and g satisfy 1.5 . Then the problem 1.1 ,
Ž .1.3 admits a unique solution.
Proof. From Lemmas 3.1 and 3.2 we know that there exists a sequence
 4  4  4u and a function u such that u and u converge, respectively, to ue e en n n x
u uniformly in Q . Moreover, u and u are Lipschitz continuous in Q .x T x T
Ž . Ž .We prove that u is a solution of 1.1 , 1.3 .
2, 1Ž . Ž .For any test function c g C Q with c x, T s 0, we have, fromT
Ž .2.1 , that
c u y u y h u y f dx dt s 0.Ž .Ž .HH e e e ent n x x n x
QT
Integrating by parts, we have




s c u dx y c u y c u dtH HH He t e en n n x
0 Q 0ts0 xs0T
q c u dx dt y c h u y f dx dtŽ .HH HHx e e en x n n x
Q QT T
T
s y u c q c dx dt y c 0, t g t dtŽ . Ž . Ž .HH He t x x xn
Q 0T
T
y c 1, t u 1, t y c 0, t u 0, t dtŽ . Ž . Ž . Ž .Ž .H e en x n x
0
y c h u y f dx dtŽ .HH e en n x
QT
T
s y u c q c dx dt y c 0, t g t dtŽ . Ž . Ž .HH He t x x xn
Q 0T
T 1r2
y h y c y , t u y , t dy dtŽ . Ž . Ž .H H e en n xž 0 0
T
y c 0, t u 0, t dtŽ . Ž .H en x /0
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T 1
y h y c y , t u y , t dy dtŽ . Ž . Ž .H H e en n xž 0 1r2
T
y c 1, t u 1, t dtŽ . Ž .H en x /0
q h x c x ,'t f x , t dx dt 3.1Ž . Ž . Ž . Ž .HH en
QT
Using our estimates and the fact that H1r2 h dx s 1, we have0 e
T 1r2 T
h y c y , t u y , t dy dt y c 0, t u 0, t dtŽ . Ž . Ž . Ž . Ž .H H He e en n x n x
0 0 0
T 1r2
s h y c y , t u y , t y c 0, t u 0, t dy dtŽ . Ž . Ž . Ž . Ž .Ž .H H e e en n x n x
0 0
T 1r2
F h y c y , t u y , t y c 0, t u 0, t dy dtŽ . Ž . Ž . Ž . Ž .Ž .H H e e en n x n x
0 0
T 1r2
F C h y y dy dt “ 0 as n “ ‘.Ž .H H en
0 0
In the same way, we can prove that, as n “ ‘,
T 1 T




h y f y , t c y , t dy dtŽ . Ž . Ž .H H en
0 0
T“ c 0, t f 0, t y c 1, t f 1, t dt.Ž . Ž . Ž . Ž .Ž .H
0
Ž .Thus, letting n “ ‘ in 3.1 , we get
u c q c dx dtŽ .HH t x x
QT
T T
s c 0, t f 0, t y c 1, t f 1, t dt y c 0, t g t dt.Ž . Ž . Ž . Ž . Ž . Ž .Ž .H H x
0 0
Ž . Ž .This shows that u is a solution of 1.1 , 1.3 .
It remains to establish uniqueness. Suppose ¤ is another solution of
Ž . Ž .1.1 , 1.3 . Then, we have
w c q c dx dt s 0Ž .HH t x x
QT
2, 1Ž . Ž . Ž .for all c g C Q with c x, T s 0, where w s u y ¤ g C Q andT T
w s 0 on the parabolic boundary of Q . Thus, w is a continuous solutionT
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of the heat equation with zero initial-boundary value. We conclude that
w s 0.
Ž . Ž .This theorem shows that the solution of 1.1 , 1.3 possesses more
regularity than the coefficients which are singular measures. The next
result shows that, in fact, the equation behaves like the heat equation.
Ž . Ž .PROPOSITION 3.4. Let u be a solution of 1.1 , 1.3 . Then
u i , t s f i , t , t g 0, T , i s 0, 1.Ž . Ž . Ž .x
Proof. We only give the proof for i s 0, the other case being similar.
Let u be the regularized solutions in the proof of Theorem 3.3. Thenen
u q h x u s u q h x f x , t .Ž . Ž . Ž .e e e e en x x n n x nt n
Thus,
xx yyH h Ž y . d y H h Ž z . d z0 e 0 en nu s e u 0, t q u q h y f y , t e dy .Ž . Ž . Ž .Ž .He e e en x n x nt nž /0
3.2Ž .
Ž . 1w x Ž . Ž . Ž .For any f t g C 0, T with f T s 0, by multiplying f t h x on bothen
Ž . w x w xsides of 3.2 and integrating on Q s 0, e = 0, T , we haven n
f t h x u x , t dx dtŽ . Ž . Ž .HH e en n x
Qn
s f t h x eyH0x henŽ y . d yu 0, t dx , dtŽ . Ž . Ž .HH e en n x
Qn
q f t h x eyH0x henŽ y . d yŽ . Ž .HH en
Qn
x yH h Ž z . d z0 e n= u q h y f y , t e dy dx dtŽ . Ž .Ž .H e ent nž /0
s f t h x eyH0x henŽ y . d yu 0, t dx dtŽ . Ž . Ž .HH e en n x
Qn
y ey1 f t u q h x f x , t eH0x henŽ y . d y dx dtŽ . Ž . Ž .Ž .HH e ent n
Qn
q f t u q h x f x , t dx dtŽ . Ž . Ž .Ž .HH e ent n
Qn
’ I q I q I . 3.3Ž .1 2 3
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As n “ ‘, we have
Ty1lim I s lim 1 y e f t u 0, t dtŽ . Ž . Ž .H1 e n xn“‘ n“‘ 0
Ty1s 1 y e f t u 0, t dt.Ž . Ž . Ž .H x
0
Next, we note that
Ž . 1 Ž .i for any C function z x ,
en xH h Ž y. d y0 e nlim z x h x e dx s e y 1 z 0 ; 3.4Ž . Ž . Ž . Ž . Ž .H enn“‘ 0
Ž . Ž .ii for any bounded function z x ,
lim z x dx s 0. 3.5Ž . Ž .HH
n“‘ Qn
Ž . Ž .Using 3.4 and 3.5 , we have
lim I s ey1 lim f u eH0x henŽ y . d y dx dtHH2 t e nn“‘ n“‘ Qn
y ey1 lim f t f x , t h eH0x henŽ y . d y dx dtŽ . Ž .HH enn“‘ Qn




lim I s lim f u dx dt q f t f 0, t dt s f t f 0, t dt.Ž . Ž . Ž . Ž .HH H H3 t e nn“‘ n“‘ Q 0 0n
Ž .Thus, as n “ ‘, 3.3 becomes
T Ty1f t u 0, t dt s 1 y e f t u 0, t dtŽ . Ž . Ž . Ž . Ž .H Hx x
0 0




f t u 0, t dt s f t f 0, t dt ,Ž . Ž . Ž . Ž .H Hx
0 0
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1w x Ž . Ž . Ž .for all f g C 0, T with f T s 0. It follows that u 0, t s f 0, t , 0 -x
t - T.
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